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Cn ' Abstract. An identity for binomial symbols modulo an odd positive integer 

n relating to the least prime factor of n is proved. The identity is discussed 
within the context of Pell conies. 
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1. Introduction 

h^ • Many results exist on identities relating to binomial coefficients C^) modulo n 

^^ I where n is an odd positive integer [2] • Granville [3] has given new results concerning 

rS^ • (™) (mod p"^) where p is prime, with a nice account of known results. Perhaps the 

j^ I most well known identity on factorials modulo n is Wilson's theorem, which states 

that a positive integer n is prime if and only if (n — 1)! = —1 (mod n). Granville 

[3| writes that Fleck [2| has generalized Wilson's theorem to the statement that for 

all positive integers r less that the least prime divisor of n, n is prime if and only if 

|: "n"(":0-(-')<'"'n(;) <-=■"'■ 

t^ ■ 

lf-\ • Similarly, we will consider the residue modulo an odd positive integer n of a symbol 

I • I /3(n, r) defined in terms of binomial coefficients where, likewise, r is less than or 

^^ . equal to the least prime divisor p of n. We will briefly discuss the case r > p. Let 

[a\ and \a] respectively denote the greatest integer A < a, and the least integer 

A> a. 
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Theorem 1.1. Let n be an odd positive integer, let r > 2 be an integer, and let p 
be the least prime divisor ofn. Define a{n,r) to be the non-negative residue modulo 






(1) /3(",o = (-i)L5J("''l^j^^^) - ("f )(-2r. 

f X .■ n / N / (mod n) if r < p 

I hen a[n,r) satisfies a(n,rj = < , , , ^ ., 

[ n/p (mod n) if r ^ p 

Eqn. ([T]) occurs as the leading coefficient of the difference modulo n of two 
polynomials which are important in the study of the affine genus zero curves known 
as Pell conies examined in detail by Lemmermeyer [71, \^ and other authors \4, IsJ 
in relation to the analogy between these curves and elliptic curves. Let A be the 
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fundamental discriminant of a quadratic number field K = Q(\/A). Pell conies are 
the curves 

C : X^ - Ay2 = 4, 

with group law 

'XiXa + AYiYa XiYs + XaYi 



(2) ?i+y2 ^ 2 ' 2 

defined for points Ti = (Xi, Yi) and ^2 = (X2, y2) over (Z/n), Z, Q, and algebraic 
numbers Q among various other rings R for which the binary operation + of Eqn. 
([2]) forms a group C{R) with identity (2,0). See [7| for more on these curves. 
We define the polynomials J'„(X) by 

•Fi = 1, J's = X + 1, .F2J+3 = X,F2j+i — .F2j_i, 

The origin of the polynomials J'„(X) can be traced to D. H. Lehmer [6(] who has 
compared a Lucas function to Sylvester polynomials ^„(a;, y) appearing in Bach- 
mann's m b ook. The polynomials ^„(a;, y) correspond to the Gmix) used by 
WiUiams [l^. 

J'„(X) = G(„_i)/2(X)of Williams = ^n(X, l)of Sylvester according to Lehmer. 

It has been shown [J, |5|] that the zeros of the polynomials Fn (X) are in one to 
one correspondence with the X-coordinates of the non-trivial points ? ^ (2,0) of 
order dividing n in the group C(Q), non-trivial points of the n-torsion subgroup 
C(<Q)[n]. One simply expresses the X-coordinate of 're(X, y), meaning n—1 additions 
(X, y) + {X,y) + .. . (X, y), as (X - 2)J?„(X)2 + 2. in order to give a proof of 
quadratic reciprocity [5| using p-torsion on Pell conies where p is an odd prime, it 
was demonstrated that 

J^p(X) = (X-2)'^ (modp). 

The leading coefficient of the polynomial .F„(X) — (X — 2)^~ evaluated modulo 
n is the more general question which we address. The polynomials .F„ are also 
discussed in the context of Dickson polynomials of the second kind, En{x,a) ~ 
E}=o^^ ("-^)(-a)^x"-2J. In particular, the identity, p.32 of 0, 

F2„+i(x) = ^„(x, 1) + £;„_i(x, 1), 

allows writing, for odd n, 



F„(X) = ^(-l)LiJ( 2'^^^riljx^ 



-1 

— r 



r=0 ^ I-2J 

This completes the discussion of the context of the identity for j3(n, r). 

2. Proof of the main result 
We require the following equality which holds for all positive integers a. 

a a— 1 

(3) \{{a + j)=2'^\{{2j + l). 

j=i 3=0 

Eqn. ([3]) may be proved by reordering the products in the numerator and denom- 
inator of YTj=i 37^1 showing that this is equal to 1. The proof of Theorem 11.11 is 
as follows. 
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Proof. First assume that r < p. Let s = [r/2\ and t = \r/2] . Then 

n — 1 i\ / n— 1 

P{n,r) = (-ir|~/ j-\^—]{-2) 

^_ ,-.,na(V-.,) )j;j(^_._,, 

(-i)^n'.i(^+ j) - (-2)'-n-ii(^ - j)\ Vt'/^ - 1 .^ 
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n(l + 2s + 2j-n), 



H(-2)*-i 

. X _ f UUiis + j) - 2° rij^oll + 2j) N,^_t+i, Tsr-iVr/i , o , o-\ r ^ ^ 
a(n,p) = (^^i '- p ^(-1) ||(l + 2s + 2j) (mod n) 

Since r is strictly less than p, the integers r! and n are relatively prime. By Eqn. 
(01), a(n,r) = 0. Now let r = p = 2s + 1. Then 

(-ir , 2-(g-i)n;i.u^-i-2j) xAn-i 

s! + (p-1)! J f}} 2 ^^' 






(p-m- 
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a{n,p) = (l[(s + j + l)+(^--l)ll{s + j)yp~l)r'2-'ll{p + 2j) (mod n), 

= ^ip^l)r'2-'l[{s + j){p+2j) (modn), 
j=i 
p-i 
= -{p-l)r'2-^+'ll{p + j) (modn), 
^ j=i 

= -llm''{p + j) (modn). 

Fermat's theorem shows that YVj=i{2j)^^(j> + j) = 1 (modp). It follows that 

ain,p) = ^. D 

We conclude by speculating as to the value of a{n, r) when r exceeds the least 
prime divisor of n, within some bounds. The author has only tested the following 
conjecture for n < 10^. 
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Conjecture 2.1. Let p be the least prime divisor of an odd integer n and assume 
that 2-y/n < ip. If r is an integer bounded by p < r < y/n then a{n, r) > 0. 

If Conjecture 12. II holds and the least prime divisor p oin satisfies 2y/n < 3p then 
the follow exponential algorithm will terminate. 

Algorithm 2.2. Let A = (01,02) and assume we wish to factor n. Set A = 
(2, [V^J). If aCn, ^ii±^ \ ^ 0^ Set A = ( ^^^±^1,02), otherwise set A = 
f fli, 2i-t22. j ^ ajjfj print A. Repeat until 02 — ai < 2. 
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